It is shown that sufficiently close outer and inner parallel sets to a ddimensional Lipschitz manifold in R d with boundary have locally positive reach and the normal cycle of the Lipschitz manifold can be defined as limit of normal cycles of the parallel sets in the flat seminorms for currents, provided that the normal cycles of the parallel set have locally bounded mass. The Gauss-Bonnet formula and principal kinematic formula are proved for these normal cycles. It is shown that locally finite unions of non-osculating sets with positive reach of full dimension, as well as the closures of their complements, admit such a defininion of normal cycle.
Introduction
Various approaches can be found in the literature how to determine curvature measures for nonsmooth sets. Federer [5] introduced sets with positive reach in R d which extend the family of convex bodies and defined their curvature measures from a Steiner formula for the volume of the parallel body. This class has further been extended to certain locally finite unions by Zähle [18, 14] using an index function for the definition of the normal cycle. A slightly different index function was used by Fu [7] to introduce normal cycles for s.c. geometric sets. Other approaches were developed by geometers who defined curvature write shortly dz for λ d (dz). Standard notation and terminology from geometric measure theory will be used as in [6] . If T i , T ∈ D k (U ) are currents defined on an open set U ⊆ R p , we shall write (F ) lim i→∞ T i = T if lim i→∞ F K ((T i − T ) 1 K ) = 0 for any compact set K ⊆ U , where F K is the flat seminorm (see [6, §4.1.12] ). By M(T ) we denote the mass norm of a current T (see [6, §4.1.7] ).
Normal cycles for Lipschitz d-manifolds
By a Lipschitz manifold in R d we understand a manifold locally representable by Lipschitz graphs (a strong Lipschitz manifold in the sense of [16] ). Thus, a d-dimensional Lipschitz manifold X with boundary ∂X in R d is a set X ⊆ R d such that there exists an atlas (φ α : α ∈ I) with the following properties:
(a) For any α ∈ I there exist a unit vector n α , an open set U α ⊂ n ⊥ α , a Lipschitz mapping φ α : U α → R and an open set V α ⊂ R d such that V α ∩ subgr φ α = V α ∩ X; (b) α V α is a locally finite cover of X.
By gr f , subgr f we denote the graph and the subgraph of a function f , respectively. If not stated otherwise, by a Lipschitz d-manifold we shall always mean a d-dimensional Lipschitz manifold in R d with boundary. Let X be a Lipschitz d-manifold and x ∈ ∂X. The Clarke's subgradient of X at x, denoted N X (x), is the convex hull of all cummulative points at x of gradient (outer normal) vectors to X. N X (x) is a proper convex cone (i.e., a convex cone not containing the origin).
We shall say that two Lipschitz d-manifolds X, Y osculate if for some z ∈ ∂X ∩ ∂Y , 0 ∈ N X (z) + N Y (z). Proof: Take x ∈ ∂X ∩ ∂Y ; since N X (z) and N Y (z) are proper convex cones, N X (z) + N Y (z) is a proper convex cone as well and, hence, there exist a unit vector n and η > 0 such that u · n > η|u| for any u ∈ N X (z) + N Y (z). Both manifolds X, Y can be parametrized at a neighbourhood of z as graphs of Lipschitz functions f, g, respectively, defined on a domain in n ⊥ . But then min{f, g} (max{f, g}) is a Lipschitz function parametrizing X ∩ Y (X ∪ Y , respectively) at the same neighbourhood of z. The second assertion follows then from the definition of the Clarke's subgradient.
For a subset A of R d and ε > 0, we denote by A ε = {x ∈ R d : dist (x, A) ≤ ε} the ε-parallel set to A, and by A = R d \ A the closure of the complement to A.
We denote also A −ε = ( A) ε . Note that if X is a Lipschitz d-manifold then A −ε is the set A eroded by the ball of radius ε for sufficiently small ε.
Proposition 1 Let X be a Lipschitz d-manifold and K a compact set in R d . Then there exist η, ε 0 > 0 such that for any 0 < ε < ε 0 and x ∈ K ∩ X ε , reach ( X ε , x) ≥ η(ε + r), where r = min x∈K∩ X reach ( X, x).
Proof: Fix an arbitrary point x 0 ∈ K. Then there exist δ > 0, n ∈ S d−1 and a Lipschitz mapping φ : n ⊥ → R such that B δ (x 0 ) ∩ subgr φ = B δ (x 0 ) ∩ X. Put ε 0 = δ/2, take any 0 < ε < ε 0 and x ∈ X ε ∩ B ε0 (x 0 ) if the intersection is nonempty. We shall show that
where
The proof is then completed by a usual compactness argument.
Assume, for the contrary, that (1) does not hold and let z be a point with |z − x| < η(ε + r) and such that there exist two distinct points y 1 , y 2 ∈ X ε with τ := dist (z, X ε ) = |y 1 − z| = |y 2 − z| (clearly τ < η(ε + r)). By construction, the interiors of the balls B ε (y 1 ), B ε (y 2 ) do not meet X. Assume without loss of generality that y 2 = 0 and n · y 1 ≥ 0 (otherwise, interchange y 1 with y 2 ). If u ∈ ∂B ε ∩ X then, since int B ε ∩ X = ∅, the vector u belongs to the subgradient N X (x) and, by the Lipschitz property of φ, u · n ≤ −εη.
Moreover, since u ∈ X, necessarily u ∈ int B ε (y 1 ), hence u · y 1 ≤ |y 1 | 2 /2. If, moreover, r > 0, then the ball of radius r touching B ε at u from outside must be contained in X, hence B r ( ε+r r u) ∩ int B ε (y 1 ) = ∅, which yields
By construction, we have int B τ (z) ∩ X ε = ∅, hence B ε (y) ∩ X = ∅ for any y ∈ B τ (z). Consequently, considering points y close to the origin, whenever v · z ≥ 0 then v ∈ Tan(B τ (z), 0) and there must be a point u ∈ ∂B ε ∩ X with u · v ≥ 0. In particular, the vector v = y 1 + |y1| 2 2τ n satisfies v · z ≥ 0 since y 1 · z = |y 1 | 2 /2 and n · z ≥ −|z| = −τ . However, due to (2) and (3) we have for
which must be negative since τ < η(ε + r). This contradiction proves (1) and thus completes the proof.
In [17] , the normal cycle (integral current without boundary) N Z is attached to any set Z ⊆ R d with positive reach. Proposition 1 guaranties that the normal cycles N Xε and N X−ε of X ε and X −ε are locally defined for sufficiently small ε, provided that X is a Lipschitz manifold.
We shall say that a Lipschitz d-manifold X in R d has locally bounded inner curvature (LBIC for short) if
has LBIC then any sequence ε i → 0 + has a subsequence (denoted again ε i for simplicity) such that N X = (F ) lim N X−ε exists and the limit N X is an integral current without boundary.
Proof: Let B r be the closed ball of radius r in R 2d and h r be a smooth function with support in B r+1 and equal to one on B r . The integral currents N X−ε h r are supported in B r+1 and have bounded mass uniformly in ε. We shall show that their boundaries have uniformly bounded mass as well. Indeed, since N X−ε is a cycle we get for any differential form φ
where · denotes the supremum norm. Hence, by the compactness theorem [6, §4.2.17(1)], there must be an F K -convergent sequence N X−ε i h r , ε i → 0 + , converging to a rectifiable current. Choosing a sequence r j → ∞ and applying the diagonal method, we may choose a sequence ε i → 0 + such that the limit
, and it is clearly a cycle again.
We call any integral current N X from Proposition 2 a normal current of X. We shall show later that N X is unique and, therefore, that N X = (F ) lim ε→0+ N X−ε . First, we consider the cases of certain unions of sets with positive reach and their complements. [14] and let each X i fulfill the full-dimesionality condition
Then X is a Lipschitz d-manifold with LBIC and N X = lim ε→0+ N X−ε is the normal cycle introduced in [14] .
Proof: Assume first that reach X > 0; we shall show that X is a Lipschitz d-manifold. Take x ∈ ∂X. Due to (4) and since the unit normal bundle is closed, there exist n 0 ∈ S d−1 , a neighbourhood V of x and η > 0 such that n · n 0 > η whenever (y, n) ∈ nor X for some y ∈ X ∩ V . We may take an open ball for V . It follows that
We shall show that even
Assume the contrary. Then there exists a y ∈ X ∩ V , z ∈ (y + T 0 ) ∩ V and
and stop at the first contact of z ′ + (T 0 ∩ B τ ) with X. Then, at the touching point of z ′ + (T 0 ∩ B τ ) with X, property (5) is violated, which is a contradiction.
Let f denote the restriction to ∂X ∩ V of the orthogonal projection onto the hyperplane n ⊥ 0 . Then we have by (6) |f (y) − f (z)| ≥ η|y − z| for any y, z. Hence, f is invertible and its inverse is Lipschitz,
If now X is admits a non-osculating U PR representation with full-dimensional sets of positive reach then X is again a Lipschitz manifold, which can be shown by applying Lemma 1.
It remains to show that (F ) lim ε→0+ N X−ε = N X . If reach X > 0 then this follows from [14, Theorem 3.1] since X −ε converge to X in the Hausdorff distance and the reaches of X −ε are locally uniformly bounded in ε by Proposition 1. (In fact, a global positive lower bound for the reach is required in [14, Theorem 3.1], nevertheless, the proof presented there obviously works with local lower bounds as well.) If X = i X i is a locally finite union of non-osculating sets with positive reach, we can show as above that
due to the non-osculating condition. The result follows now by additivity of normal cycles.
Proposition 4 Let X ⊆ R d be as in Proposition 3. Then X is a Lipschitz d-manifold with LBIC and its normal cycle is N X = (F ) lim ε→0+ N X−ε = −ρ # N X , where ρ is the mapping (x, n) → (x, −n).
Proof: Note that X −ε = X ε for sufficiently small ε. The desired equality follows from [14, Corrolary 3.1] (it is not difficult to see that the assumption of compactness of X can be avoided in the proof).
Gauss-Bonnet formula
If A, B are two subsets of R d , the notation A ∼ B means that there exists a homeomorphism from A onto B. By χ we denote the Euler-Poincaré characteristic. Theorem 1 Let M ⊂ R d be a Lipschitz d-manifold with compact boundary ∂M . Then for sufficiently small ε > 0,M ∼ M ε , ∂M ∼ ∂(M ε ) and M ∼ M ε .
Lemma 2 Let
Proof: Let (φ α : α ∈ I) be an atlas of M with the properties (a), (b), and let (ζ α : α ∈ I) be a partition of unity on ∂M subordinated to the cover (V α ). Since ∂M is compact we may assume that I is finite. Setṽ(m) = α∈I ζ α (m)n α and
thusṽ is Lipschitz (note that each ζ α is clearly Lipschitz since it is continuously differentiable and has compact support). Further, let m ∈ ∂M be a regular boundary point, i.e. such that φ α is differentiable at x if m ∈ V α and m = (x, φ α (x)). Then Tan(M, m) must be a ddimensional halfspace, say {x : x · n ≤ 0}, |n| = 1. From the Lipschitz property of φ α we get n · n α ≥ (L 2 + 1) −1/2 whenever m ∈ V α , where L = max α∈I Lip φ α . Indeed, assume that n, n α are not colinear and let t be the orthogonal projection of n to (n α ) ⊥ normed to a unit vector. Then the directional derivative of φ α at x in direction t satisfies
and the last expression must be bounded by Lip φ α , which yields the desired inequality.
Hence we have also n ·ṽ(m) ≥ (L 2 + 1)
Sincẽ v is continuous and the set of regular points is clearly dense in ∂M , the same inequality must hold for any m ∈ ∂M . Since clearly |ṽ(m)| ≤ 1, it is easy to verify that the mapping v is Lipschitz as well.
If m is again regular and u is a unit tangent vector to M at m then it follows from above that
Since v is continuous and the tangent bundle of M is a closed set, the same inequality must hold for any boundary poit m ∈ ∂M , and the proof is complete.
Proof of Theorem 1. The mapping v from Lemma 2 is defined so that
for any m ∈ ∂M and sufficiently small t (due to the compactness, the relation holds for t less than some t 0 > 0 independent of m). Set
By the implicit function theorem for Lipschitz functions, see e.g. [4, §7.1], the function t ε is Lipschitz for sufficiently small ε, since (7) asures a linear increase of dist (m + tv(m), M ) in t. We define the function
Using an obvious geometric argument and (7), we have for any m, m ′ ∈ ∂m
Thus f ε is one-to-one and the inverse (f ε ) −1 is Lipschitz for sufficiently small ε. We shall show that f ε maps ∂M onto ∂M ε . It is sufficient to show that any point outside of M sufficiently close to M lies on some ray m + tv(m), t > 0, m ∈ ∂M . Let m ∈ ∂M lie on the graph of the chart φ α and in V α , m = (x, φα(x)). The mapping (y, t) → (y, φ α (y)) + tv((y, φ α (y))) has full rank in (x, 0) and, hence, by the inverse function theorem for Lipschitz maps ( [3] ), its image covers a neighbourhood of m in R d . Using again the compactness of ∂M , it follows that for ε sufficiently small, ∂M ε is covered by the image of f ε .
Hence f ε is a homeomorphismus from ∂M onto ∂M ε . Further, setting f 0 to be the identity map on M , the mapping
is a retraction from M ε to M , and
is a retraction of M to M ε .
Corollary 1 If X is a Lipschitz d-manifold with compact boundary then χ( X)
Proof: First, note the the result is known if X is a C 1,1 manifold since then, the generalized Morse theory can be used (see [8] ). If X is a Lipschitz dmanifold with positive reach then X ε is a C 1,1 manifold for 0 < ε < reach X and, consequently,
for sufficiently small ε, by Theorem 1. Finally, if X is a general Lipschitz dmanifold then reach X ε > 0 and we have
for sufficiently small ε, again by Theorem 1.
Theorem 2 Let X be a Lipschitz d-manifold in R d with compact boundary and with LBIC and let N X be (any) its normal cycle. Then N X satisfies the GaussBonnet formula
where ϕ 0 is the 0th curvature form.
Proof: By definition, we have N X = (F ) lim i→∞ N X−ε i for some sequence ε i → 0 + . By the definition of the flat convergence,
Thus we get by Theorem 1 and Corollary 1
Uniqueness and the principal kinematic formula
We shall start with an easy observation which follows from the definition of nonosculating Lipschitz d-manifolds.
Lemma 3 Let X, Y be two nonosculating Lipschitz d-manifolds in R d . Then, for sufficiently small ε > 0, X −ε and Y −ε are nonosculating sets with locally positive reach and
We shall need some technique from translative curvature integrals developed in [14, 15] . In the following considerations, let X, Y be two Lipschitz d-manifolds in R d with LBIC and let N X = (F ) lim i→∞ N X−ε i , N Y = (F ) lim i→∞ N Y−ε i be its normal cycles defined through the same sequence ε i → 0 + . The independence of these and further defined notions on the sequence ε i will follow from Theorem 3. Let nor X, nor Y denote the support of N X , N Y , respectively. Denote for
and consider the mapping
(here [0, 1] denotes the one-dimensional current given by Lebesgue integration over the oriented unit segment). Note that the definition of N δ X,Y differs slightly from that given in [14] ; we use the smooth function r δ here in order that the following approximation result holds. We denote by G the projection (x, y, u) → x − y on R 3d . For the definition of the slice T, G, z of a current T on R 3d by G at z, see [6, §4.3.1].
Lemma 4 For any δ > 0 we have
(ii) there is a subsequenceε i of ε i such that
Proof: Assertion (i) follows from the definition of flat convergence since f is smooth, bounded and with bounded derivative on the support of r δ . (i) implies by [6, §4.3 
for any compact set K ⊆ R 2d . Assertion (ii) follows then by a standard measuretheoretic argument.
As for sets with positive reach, we can define formally (by integration) the current
is its normal cycle.
Proof: First, note that in X, Y + z do not osculate and K is a compact set in
1 K , G, z for some δ > 0 and hence, the slice is well defined. The assertion is true for sets with positive reach (see [14] ) and follows by approximation for Lipschitz manifolds with LBIC by Lemma 4. Now we are able to prove the uniqueness of the normal cycle.
Theorem 3 There is a unique normal cycle associated with a Lipschitz dmanifold X in R d with LBIC in the sense of Proposition 2.
The proof is based of the Fu's uniqueness theorem which will be reformulated in our notation. A current T is called
, we define the current 
Proof of Theorem 3: Assume first that X is compact. We shall show that N X = (F ) lim i→∞ N X−ε i satisfies the assumptions of the Fu's theorem. The properties of being a cycle and Legendrian are clearly preserved by flat limits. Since X and the halfspace H v,t do not osculate for almost all (v, t), we may apply Lemma 5 to X and Y = H v,0 for almost all v ∈ S d−1 and we get
for almost all (v, t) (note that (N Hv,t (int X × S d−1 ))(ϕ 0 ) = 0). Applying Theorem 2 for X ∩ H v,t , we get the desired formula.
For a general (not compact) set X, we get in the same way that N X∩C is uniquely defined for any cube C not osculating with X. Considering a sequence of such cubes expanding to the whole space, we see that N X is uniquely defined as well.
Given a Lipschitz d-manifold X in R d with LBIC and k = 0, 1, . . . , d − 1, we define the kth curvature measure of X as signed Borel measure on R 2d by
for any bounded Borel subset A ⊆ R 2d , where ϕ k is the kth Lipschitz-Killing curvature form ( [17] ). Commonly, the term curvature measure is used for the first projections on R d denoted here bȳ
We define alsoC d (X; ·) as the restriction of the d-dimensional Lebesgue measure to X. The flat convergence of the normal cycles implies obviously the weak convergence of the curvature measures. Now we can state the principal kinematic formula for Lipschitz d-manifolds with LBIC. Let G d denote the group of all Euclidean motions in R d (compositions of rotations and translations) and let µ d be the natural invariant measure on G d normalized as product measure of the invariant probability measure over the group of rotations with the Lebesgue measure over the set of translations. .
The proof will be split into several steps. Note that the differential (2d − 1)-forms ψ r,s on R 3d , 0 ≤ r, s ≤ d − 1, appearing in the translative integrals of curvature measures are defined in [13] . 
Proof: Applying [6, §4.3.2], we obtain
The proof is completed by applying the identity (N X,Y h)(ψ r,s ).
where F ρ (x, y, u) = v(x)w(ρ −1 y) and v, w are C ∞ smooth functions on R d with compact supports. We shall show that both sides of (8) and since the Hausdorff measures of nor X −ε and nor Y −ε are locally uniformly bounded in ε (as shown above), (9) follows and the proof is complete.
